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1. Groups

We’ll spend some time developing group theory but only enough to get us where we’re going (like putting
only a dollar in the tank when you fill up). A group is a set with a binary operation satisfying some axioms.
What this means for us is that a group is a set where we can either add and subtract (in the case of an
additive group) or we can multiply and divide (in the case of a multiplicative group). Strictly speaking the
axioms allow you to be much more general with the binary operation; one example of this is when we look
at the group GL(V ) of invertible transformations of a finite dimensional vector space where the operation
will be composition (after choosing a basis for V it becomes matrix multiplication).

Groups can be either abelian, also termed commutative, or nonabelian. We say a group G is abelian if
(using multiplicative notation) ab = ba for every a, b ∈ G. The group GL(V ) is almost never commutative (of
course when the dimension is 1 it is...). There is a classification of finite simple groups, and it is particularly
easy (after developing the main theory) to classify groups with |G| ≤ 5; they are all abelian and a list of
them is: {e}, Z/2Z, Z/3Z, Z/4Z, Z/2Z× Z/2Z, Z/5Z. I’ll explain the group operation momentarily.

There are distinguished maps between groups called group homomorphisms. In a way they are a general-
ization of linear maps between vectors paces, and if you check the axioms of a linear map it’ll be clear that a
linear map is a group homomorphism. So for two groups H,G a map f : H → G is a group homomorphism
if f(ab) = f(a)f(b) for all a, b ∈ H (written additively f(a+ b) = f(a) + f(b)). We say that H is a subgroup
of G if there is an injective group homomorphism f : H ↪→ G. We say G is a quotient group of H if there
is a surjective group homomorphism f : H � G. Two groups are isomorphic if f : H → G is a bijective
homomorphism.

There is an identity element a − a = 0, a/a = 1 depending on the operation. In abstract group theory
we usually write the identity element as e and use multiplicative notation. The kernel of a group homo-
morphism is the set which maps to e. It is a subgroup of the domain. Given a group H and a quotient
of H, f : H � G, we can construct a group H/ ker(f) which is isomorphic to G, and write this H/ ker(f) ∼= G.

Example 1 : The set Z is a group under addition. A subgroup is given by the elements of multiples of n for
any integer n. We write this nZ.

Example 2 : The nth roots of unity, µn, are a group under multiplication. If we choose a primitive nth root
of unity, ζn = e2πik/n with k relatively prime to n, then we say ζn generates µn.

A generating set {gi}i of a group G, like a basis of a vectorspace, is a subset of G such that for any h ∈ G
we can write h = ni1gi1 + · · ·+nikgik for some integers nij . When the group operation is multiplication, the
coefficients become exponents. A group is finitely generated if it has a finite generating set.

Example 3 : There is a homomorphism Z → µn defined by 1 7→ ζn. Since it is surjective, µn is a quotient
of Z. The kernel of this map are all integers mapping to e2πi which happens if and only if the integer is a
multiple of n. Hence we see Z/nZ ∼= µn.
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Given two groups H and G, we will often be interested in extending G by H. There is a trivial extension
(the least complicated one) called the product of H and G. Let H×G be the set product, and the operation
is component-wise (e.g. (a, b) + (c, d) = (a+ c, b+ d) or (a, b)(c, d) = (ac, bd) or (a, b) ∗ (c, d) = (a+ c, bd) or
some other mix).

Theorem: A finitely generated abelain group G can be uniquely written as Z × · · · × Z × µpk1 × · · · × µprs
for some prime numbers p1, ..., ps with pi not necessarily distinct from pj .

In the above theorem we call the product of the µ’s the torsion of G. When G is torsionless, we can use
linear algebra to study these groups using matrices to describe maps but the coefficients have to be integers
now. Caution: invertible maps Zn → Zn have to have determinant 1,−1.

2. Group Actions

Since we’re studying Galois theory, we’ll need to know what a group action is. Let’s start with an example
first:

Exapmle 1 : Let V be finite dimensional vectorspace. The group GL(V ), whose elements are invertible linear
maps V → V , acts on V . More explicitly, there is a map GL(V ) × V → V defined by (f, v) 7→ f(v) which
satisfies some axioms.

We can make the action more explicit. To do so, choose a basis for V , write all linear maps as matrices,
and the group now becomes the set of matrices with determinant an invertible number. We will always be
in the situation of example 1 but I’ll show you how to get to that situation if you’re not there.

Suppose you have a group G acting on a set X (I still haven’t even told you what this means yet). We
can make a vectorspace out of X. Just make a new set X̃, whose elements are formal sums of elements of
X with coefficients in C. Now the action G × X → X is defined by (g, x) 7→ g(x), and we can take this
same definition formally for G× X̃ → X̃ where now G permutes the basis. The axioms that I didn’t tell you
guarantee this is a linear transformation so we can write the elements of G as matrices with coefficients in
C.

If we actually had a group acting linearly on a vectorspace over a field F , then we can write G as matrices
with coefficients in F . This is the same thing as giving a homomorphism ρ : G→ GL(V ), and fancy people
like to call these homomorphisms representations.

Example 2 : A representation ρ : Z→ GL(R2) is defined by 1 7→
(

1 1
0 1

)
.

Example/Exercise 3 : Here’s an example of the construction I was talking about above, but with real coeffi-
cients. Let S3 be the set of permutations of the three element set {0, 1, 2} (permutations are just bijections
from a set to itself). Then S3 is a group under composition (so is Sn for all n). In fact it is nonabelian.
Then we get a representation S3 → GL(X̃). Let’s call the basis vectors v0, v1, v2. What matrices take 1)
v0 7→ v1 and fix v2, 2) v0 7→ v2 and fix v1, 3) v1 7→ v2 and fix v0, 4) v1 7→ v2, v2 7→ v3, v3 7→ v1, 5) v1 7→ v3,
v3 7→ v2, v2 7→ v1, and 6) fix all vectors?

3. Fields

A field is an abelian group under addition, and the nonzero elements are an abelian group under multi-
plication. A field is where we can add, subtract, multiply, and divide (by nonzero elements for the last one).
Fields also come with distinguished maps, field homomorphisms, which are functions f : L → K satisfying
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f(a + b) = f(a) + f(b), f(ab) = f(a)f(b), and f(1) = 1 for all a, b ∈ L. We say L is a subfield of K
if f : L ↪→ K is an injection. Because of the last equation, fields don’t have nontrivial quotients. More
precisely, we have the

Proposition 1: A field homomorphism f : L→ K is injective.

Proof. Write x = f(0). Then x = f(0) = f(0 + 0) = f(0) + f(0) = 2x, and x = 2x only when x = 0. Also,
if f(a) = 0 and a 6= 0, then 1 = f(1) = f(a · 1/a) = f(a)f(1/a) = 0 which is up to you to decide if you’re
okay with or not (for me there is no zero field, so I say this is weird and therefore never happens).

Now if f(a) = f(b) then f(a− b) = 0 so a− b = 0 and a = b, proving injectivity. �

For any field K, there is a smallest field L ⊂ K. This field is unique, and it depends on the characteristic
of the field. By definition, char(K) is the smallest natural number n such that n · 1 = 0. If no such n does
the trick, then we say K is of characteristic 0. If there is such an n, then it is prime: if it weren’t, write
p · n/p for some prime dividing n, then n · 1 = p · 1n/p · 1 = 0 and both p, n/p are smaller than n which is a
contradiction unless n = p.

Proposition 2: Fields K with char(K) = p exist.

Proof. Fp is a field, once I define it. As a set Fp = {0, 1, ..., p − 1} the addition is integer addition modulo
p; the multiplication is integer multiplication modulo p. Every element has an inverse because of Bezout’s
identity. It says if m,n are relatively prime, there are integers x, y such that xm+yn = 1. Let m be between
1 and p− 1 inclusive, and n = p. Then m,n are relatively prime, and xm+ yn = 1 (mod p) is the same as
xm = 1 (mod p). Since p - x, we can choose it to be in Fp which completes the proof. �

The prime field of a field K is the smallest field which is contained in it. Every prime field is in the list Fp
for every prime p, and Q. Galois theory is particularly easy over Fp, and extremely difficult over Q. Before
we get to that, we’ll have to explore polynomials more.

Definition 3: The notation K[x] for a field K will mean the set of all polynomials in the variable x with
coefficients in K (i.e., x2 + 1 ∈ Q[x]).

Let L ⊂ K be fields. We call K a field extension of L. An element α ∈ K is called algebraic if p(α) = 0
for some nonzero polynomial p(x) ∈ L[x] (observe that we can always choose p to have leading term a power
of x by dividing by the constant in front). If K is a finite dimensional vectorspace over L, then we say it is
of finite degree over L, and define [K : L] := dimL(K) (said degree of K over L). If L ⊂ K is a finite degree
extension, then every element of K is algebraic: {1, α, α2, ....} is an infinite set, so must have a dependence
relation with coefficients in L.

Definition 4: Given a field extension L ⊂ K, and an element α ∈ K, we define L(α) to be the smallest
field containing both L and α.

As a sort of converse to the last sentence of the paragraph before def’n 4, we’ll show L(α) is a finite
dimensional vectorspace over L whenever α is algebraic. Moreover, it will have a basis {1, α, ..., αn−1} as a
L-vectorspace. Let L ⊂ K be fields. For an algebraic element α ∈ K, the minimal polynomial for α is the
nonzero polynomial p(x) of smallest degree in L[x] for which p(α) = 0.

By assumption some polynomial p has p(α) = 0. The minimal polynomial is irreducible over L (analog
of prime for polynomials), otherwise factor p(x) = g(x)h(x) and one of g, h has smaller degree. It is also
unique. We noted above we can assume p(x) has leading term xn, and if q(α) = 0 = p(α) with p, q of the
same degree, then q(x)−p(x) is a polynomial of smaller degree with q(α)−p(α) = 0, which is a contradiction
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to having the smallest degree.

Proposition 5: Let L,K,α be as above, and p(x) = xn + c1x
n−1 + · · ·+ cn the minimal polynomial for α.

Then L(α) is of degree deg(p) over L, and is spanned as a vectorspace by {1, α, ..., αdeg(p)−1}.

Proof. Call the vectorspace over L spanned by those elements E with the obvious multiplication. We
certainly have E ⊂ L(α) by the definition of L(α).

Conversely, multiplication by a nonzero x in E is a L-linear map ·x : E → E. To see this, it suf-
fices to show E is closed under multiplication by α (since x is linear combination of powers of α). But
αn = cn−1α

n−1 + · · ·+ c1α+ c0 shows every power of α larger than n can be written in terms of the basis,
proving the claim. The map ·x is injective since xy = 0 in L(α) implies y = 0, and E ⊂ L(α). As injective
maps between vectorspaces of the same dimension are in fact bijections, we find there is an element z in E
with xz = 1. Since x was arbitrary, this shows every nonzero element has a multiplicative inverse hence E
is a field containing both α and L. By definition this gives E ⊃ L(α). �

What is the point of proposition 5? It tells us that we can study polynomials by studying fields containing
their roots. For example, C is algebraically closed, meaning that every polynomial defined in a subfield of
C can be written as a product of linear polynomials with coefficients in C. So take an arbitrary polynomial
p(x) ∈ Q[x], and let its roots be α1, ..., αn. Then Q ⊂ Q(α1, ..., αn) ⊂ C and the middle field is finite
dimensional over Q which is great (we actually didn’t prove this last bit; you just need to show a finite
dimensional vectorspace over a finite dimensional vectorspace is finite dimensional).

4. Irreducibility Criterion Over the Rationals

Minimal polynomials are irreducible, so if we want to study the fields above we need to know when a poly-
nomial is irreducible.

Proposition 1: (Rational Root Test) Let p(x) = anx
n+ · · ·+a0 with a0, ..., an integers. Suppose p(r/s) = 0

for r, s ∈ Z with (r, s) = 1, i.e. root in Q in reduced form. Then r | a0 and s | an.

Proof Sketch. Evaluate it, clear denominators, move all of the terms containing r or s to one side.

Proposition 2: (Eisenstein’s Criterion) Let p(x) be as before. If for some prime q we have q - an, q | ai for
all i not n, and q2 - a0, then p is irreducible.

Proof Sketch. Write p = gh with coefficients in Z, then reduce mod p so that g, h both have constant term
divisible by p, contradiction.

Proposition 3: (Reducing Mod p) With p(x) as before, if p(x) considered in Fq[x] is irreducible and q - an,
then p(x).

Proof Sketch. If p(x) = g(x)h(x), then reducing mod p would give a factorization in Fp[x], contradiction.

Proposition 4: (It’s obvious) If p(x) has no roots in L ⊃ Q, then p(x) has no roots in Q.

Proof Sketch. This is trivial but it should be stated. For example, x2 + 1 is irreducible in R ⊃ Q hence it
is irreducible in Q. More generally, any completion containing Q can be used also. (There is a complete
classification of completions of Q. When I say completion, I mean completion as a metric space with respect
to some metric defined on Q. The other completions are called Qp, the p-adic numbers, and there is one for
every prime p).
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5. Galois Theory

Let p(x) = a(xn + cn−1x
n−1 · · ·+ c0) be a polynomial. If α1, ..., αn are the n roots of p, then we can write

p(x) = a

n∏
i=1

(x− αi).

On the right hand side we know more, namely what the coefficients are after expanding. It turns out that
ck = (−1)n−ksk(α1, ..., αn) where sk is the kth elementary symmetric polynomial. Therefore, we know
cn−1 = (−1)(α1 + · · ·+ αn), cn−2 = α1α2 + α1α3 + · · ·+ αn−1αn, ..., c0 = (−1)nα1 · · ·αn.

If there is symmetry in the polynomial (more accurately in the field defined by the polynomial), then we
should be able to see it. Indeed we will. This is where the concept of the Galois group comes in. Suppose
L ⊂ K are fields. We define Gal(K/L) to be the set of field homomorphisms f : K → K which fix L (i.e.
f(l) = l if l ∈ L) with the group operation composition. (In section 2 we showed how to write this group as
a set of matrices with respect to some basis. We’ve also given a basis for the extension L ⊂ L(α) in section
3, proposition 5. At the end of the section I claimed you can show that a finite dimensional vectorspace over
a finite dimensional vectorspace is finite dimensional. You can do more. Namely, given two extensions of L,
say L(α), L(β) contained in a common field K with L(α) ∩ L(β) = L and bases {1, ..., αn−1}, {1, ..., βm−1}
for respectively there is a basis for L(α, β) given by {1, αβ, α2β, ..., αβ2, α2β2, ..., αn−1βm−1}).

Let K = L(α1, ..., αn) and p ∈ L[x] a polynomial. Then we can consider an element f ∈ Gal(K/L) as
acting on p(x) by acting on the coefficients in p. Then by the definition of the Galois group, f(p(x)) = p(x)
since p has coefficients in L. But we also find

f(p(x)) = f(a

n∏
i=1

(x− αi)) = f(a)

n∏
i=1

(x− f(αi))

which shows p(f(αi)) = 0 for every root αi. In other words, we have shown Gal(K/L) permutes the roots
of p(x).

Example 1 : The polynomial x2−2 ∈ Q[x] is irreducible by Eisenstein’s criterion. Let α be a root of the poly-
nomial and consider Q(α). We want to calculate Gal(Q(α)/Q), so let f : Q(α)→ Q(α) be a field homomor-
phism fixing Q. If x2−2 = (x−α)(x−β) we either have α 7→ α and f is the identity, or we have α 7→ β. From
our knowledge of symmetric polynomials, we know c0 = 2 = αβ and c1 = 0 = α+β. So I could have written
β = −α this whole time. In fact, α 7→ −α is a valid field homomorphism because every element is of the form
a+bα for a, b ∈ Q and ac+2bd−(bc+da)α = f(ac+2bd+(bc+da)α) = f(a+bα)f(c+dα) = ac+2bd−(bc+da)α.
Those were the only options so Gal(Q(α)/Q) ∼= Z/2Z.

Example 2 : Similarly x2 + 1 is irreducible over R and Gal(C/R) ∼= Z/2Z.

Example 3 : This will be a necessary example. Let x3−2 be a polynomial considered over Q. There are three
roots to this polynomial: 3

√
2, 3
√

2e2πi/3, and 3
√

2e4πi/3. Since 3
√

2 is a root, we can calculate Gal(Q( 3
√

2)/Q).
Any element f ∈ Gal(Q( 3

√
2)/Q) takes roots of x3 − 2 to other roots. But the other roots are complex num-

bers with nonzero imaginary part, and Q( 3
√

2) = spanQ{1,
3
√

2, 3
√

4} ⊂ R. So every f must be the identity,

or equivalently Gal(Q( 3
√

2)/Q) ∼= {e}.

Notice that in examples 1 and 2 the field contained all roots of the polynomial defining the field, but in
example 3 this was not the case. Also notice that the cardinality of the Galois group is less or equal the
degree of the field extension. There is a more precise statement called fundamental theorem of Galois theory,
which we will get to after some preliminary remarks.
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We say fields are normal if they are the smallest field (over a base field) which contain the roots of a family
of polynomials {pi(x)}i. Both example 1 and 2 are normal fields, but example 3 is not. A field K which
is algebraic over L is separable over L if the minimal polynomial of α ∈ K has distinct roots. Any field of
characteristic 0 is separable, and all of the fields Fp are separable. Any algebraic extension of a separable
field is separable. Lastly, a field which is both normal and separable is said to be Galois.

Theorem 4: (Fundamental theorem of Galois Theory) There is a bijection between subgroups H of
Gal(K/L) and fields E with L ⊂ E ⊂ K if and only if K is a Galois extension over L. This bijection
is given by

H 7→ {α ∈ K : f(α) = α ∀f ∈ Gal(K/L)} := KH

with inverse
E 7→ {f ∈ Gal(K/L) : f(α) = α ∀α ∈ E} = Gal(K/E).

Moreover, the bijection is inclusion-reversing meaning if H ⊂ G are subgroups of the Galois group Gal(K/L),
then KH ⊃ KG; similarly if L ⊂ E ⊂ F ⊂ K are fields, then Gal(K/E) ⊃ Gal(K/F ). We find equalities
|H| = [K : KH ] and |Gal(K/L)|/|H| = [KH : L] and, |Gal(K/L)| = [K : L] if and only if K is a Galois
extension of L.

6. Galois Theory of Finite fields

We can completely classify the Galois groups of finite fields, something we are far from doing in the case
of field extensions of characteristic 0 fields. It won’t be that hard either:

Proposition 1: A finite extension of Fp is of the form Fpn for some n.

Proof. Since it is finite over Fp, it is isomorphic as a vectorspace to Fnp , which has pn elements. �

Proposition 2: Let Fq be a field with q = pn for some prime p and some n. There is a field homomorphism
called the Frobenius homomorphism from Fq to Fq, which fixes Fp.

Proof. Define Fr : Fq → Fq by x 7→ xp. Since we are in characteristic p we have

Fr(x+ y) = (x+ y)p = xp +

(
p

1

)
xp−1y + · · ·+

(
p

p− 1

)
xyp−1 + yp = xp + yp = Fr(x) + Fr(y)

since all of the middle terms have coefficients divisible by p, and are hence 0. We also have Fr(xy) =
(xy)p = xpyp = Fr(x)Fr(y). That it fixes Fp is due to Fermat. By Fermat’s little theorem any x ∈ Fp
satisfies xp−1 = 1 (mod p) hence Fr(x) = xp = x. We prove a generalization of this last claim in the next
proposition. �

Proposition 3: For a field Fq with q = pn, every element satisfies aq = a (mod p), and there is some
element b such that bp

m

= b (mod p) only when pm is a power of pn.

Proof. We’ll do this by showing every x ∈ Fq is a root of the polynomial f(t) = tq − t. This polynomial has
distinct roots (which can be checked by taking the derivative and seeing if f and its derivative are relatively
prime; in this case the derivative is qtq−1 − 1 = −1 so it does indeed have distinct roots). Now observe
1, x, x2, x3, ..., xq−1 is a list of q elements of Fq \ {0} which has q − 1 elements. This means xi = xj with
0 ≤ i < j ≤ q − 1, hence some power xk is 1, and x is a root of unity.

It remains to show k divides q− 1. For this we use a theorem of Lagrange. I’ll prove a stronger statement
that for any subgroup H of G, there is an equivalence relation defined by H on G. For a finite group G, this
implies there is a partition of G into disjoint pieces each the cardinality of H, and hence |H| divides |G|.
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For a, b ∈ G the equivalence is a ∼ b if aH = bH (considered as subsets of G). �

Corollary 4: The Frobenius homomorphism generates a subgroup of size n in the group Gal(Fq/Fp).

(Remark - in proposition 3, we implicitly used that µq−1 is independent of what field we are considering. It is
not true that the roots of unity in C are the same as those in Fq but they do have isomorphic multiplicative
groups but, I don’t think I can prove this here).

Theorem 5: Gal(Fq/Fp) ∼= µn.

Proof. The group generated by Fr is isomorphic to µn, so we have a subgroup µn ↪→ Gal(Fq/Fp). The
correspondence then shows n ≤ |Gal(Fq/Fp)| ≤ [Fq : Fp] = n hence the isomorphism. (Additionally, by the
last remark of the correspondence, this shows the extension is Galois). �
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