
Motives I

As a source of motivation, we’ll start with a computation. Actually, we’ll start with three,
seeminlgy unrelated, computations of various cohomologies of projective space. These turn
out to give essentially the same result (up to a difference in fields). Since there are a plethora
of cohomology theories available for algebraic varieties and schemes, I’ll single out three and
give a hyper-brief synopsis of how they are constructed before we start computing.

The “three” cohomologies we’ll consider are: Betti cohomology, `-adic cohomology (for
any prime `), algebraic de Rham cohomology. Each cohomology has its advantages and
disadvantages. Betti cohomology is a fancy way of saying “singular cohomology of the
associated complex manifold”; `-adic cohomology is constructed from changing to rational
coefficients an inverse system of étale cohomology; algebraic de Rham cohomology is actually
hypercohomology of an algebraic version of the de Rham complex. The three are defined in
different settings: Betti cohomology is only defined for schemes over a field embeddable in the
complex numbers, `-adic cohomology is defined for any scheme whose residue characteristic
at any point is not `, algebraic de Rham cohomology is defined for schemes of finite type
over characteristic 0 fields.

In a particularly nice situation, for example for smooth projective varieties in character-
istic 0, they all give essentially the same information. These computations aim to show this
explicitly, for the simplest class of smooth projective varieties: projective space. So, let k be
a field of characteristic 0 with an embedding σ : k ↪→ C.

(0.1) Lemma: The Betti cohomology of Pn
k with coefficients in C is given by

H i
B,σ(Pn

k ,C) =

{
C if 0 ≤ i ≤ 2n and i is even

0 otherwise

Proof. Adding more detail to the introduction, the Betti cohomology of projective space is
obtained from changing the base of Pn

k → Spec(k) along the embedding Spec(σ) : Spec(C)→
Spec(k), applying Serre’s analyticification functor from GAGA, and then taking the singular
cohomology of the corresponding complex manifold. After doing all of this we can (maybe
not naturally) identify our resulting variety Pn

k ×σ Spec(C) with CPn.
Our proof will use a more general observation on decomposing any projective space by

the identification Pn = V (x0) ∪D(x0), with V (x0) = Pn−1 and D(x0) = An−1. Continuing
inductively we find

Pn = An ∪Pn−1 = An ∪An−1 ∪ · · · ∪A0. (0.1.1)

Using this, one can define a CW-structure on CPn. The cells are given by the union of
(closed) disks ∪nm=0D

2m, one for each even real dimension up to 2n (so that projective 0-
space is just a point). The attaching maps are given by identifying ∂D2r ' S2r−1 ' Cr \{0}
and using the quotient defining projective space ∂D2r ' Cr \ {0} → CPr−1 ' ∪r−1

m=0D
2m.

The cellular chain complex of this CW-complex is

· · · → 0→ C→ 0→ C→ 0→ · · ·
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with C appearing in the even degrees between 0 and 2n. Thus, the homology of this complex
must be C in each even degree and 0 otherwise. Using that cellular homology and singular
homology agree, we have the same for singular homology. Using Poincaré duality changes
the indexing m 7→ 2n−m and takes homology to cohomology, proving the claim. �

(0.2) Lemma: The l-adic cohomology of Pn
k is given by

H i
`(P

n
k ,Ql) =

{
Ql if 0 ≤ i ≤ 2n and i is even

0 otherwise

Proof. In order to have a cohomology which satisfies a necessary vanishing condition (the
dimension axiom in (1.1) below), `-adic cohomology requires us to choose an embedding of
k into an algebraic closure ρ : k ↪→ k. Then, `-adic cohomology is defined as

H i
`(P

n
k ,Ql) := (lim←−

m

H i
ét(P

n
k ×ρ Spec(k),Z/lmZ))⊗Zl

Ql.

We’ll be able to determine these cohomologies by induction on n. To save space I’ll write
Xk instead of X ×ρ Spec(k).

Throughout the proof we’ll need to know the `-adic cohomology of affine space: H i
`(A

n
k ,Ql) =

Ql if i = 0 and 0 otherwise. The base case for our induction comes from noting P0 =
Spec(k) = A0. For the induction step we’ll use the decomposition Pn = An ∪ Pn−1 of
(0.1.1) to apply the Gysin sequence in étale cohomology [Mil13] of the pair (Pn

k
,Pn−1

k
) with

coefficients in the constant sheaf of abelian groups Z/lmZ. Written out this is the long exact
sequence

0 0 H0
ét(P

n
k
,Z/lmZ) H0

ét(A
n
k
,Z/lmZ)

0 H1
ét(P

n
k
,Z/lmZ) H1

ét(A
n
k
,Z/lmZ)

H0
ét(P

n−1

k
,Z/lmZ) H2

ét(P
n
k
,Z/lmZ) H2

ét(A
n
k
,Z/lmZ)

· · · H i−2
ét (Pn−1

k
,Z/lmZ) H i

ét(P
n
k
,Z/lmZ) H i

ét(A
n
k
,Z/lmZ) · · ·

As the cohomology of affine space is concentrated in degree 0, the information we obtain
from this sequence is: for i = 0 isomorphisms H0

ét(P
n
k
,Z/lmZ) ∼= H0

ét(A
n
k
,Z/lmZ) ∼= Z/lmZ,

for i = 1 an injection H1
ét(P

n
k
,Z/lmZ) → H1

ét(A
n
k
,Z/lmZ) = 0, and for i ≥ 2 isomorphisms

H i−2
ét (Pn−1

k
,Z/lmZ) ∼= H i

ét(P
n
k
,Z/lmZ). Taking the limit over m and tensoring with Ql

doesn’t change this information. The claim for even dimensions then follows from the last
isomorphism and the calculation for the point. The claim for odd dimensions then follows
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from the vanishing in degree 1 and the same isomorphism. �

(0.3) Lemma: The algebraic de Rham cohomology of Pn
k is given by

H i
dR(Pn

k) =

{
k if 0 ≤ i ≤ 2n and i is even

0 otherwise

Proof. This computation follows from the Hodge-to-algebraic de Rham spectral sequence
which exists for any smooth variety X over k,

Ep,q
1 = Hq(X,Ωp

X/k) =⇒ Hp+q
dR (X).

More precisely, it follows from the above spectral sequence and the computation of sheaf
cohomology Hq(Pn

k ,Ω
p
Pn/k) = 0 when p 6= q and Hq(Pn

k ,Ω
q
Pn/k) = k.

That the sheaf cohomology is as stated can be seen as follows. There are short exact
sequences

0→ Ωp
Pn/k → OPn

k
(−p)⊕(n+1

p ) → Ωp−1
Pn/k → 0

which become long exact sequences in cohomology. Slicing the long exact sequences provide
the exact sequences for any pair q, p,

(n+1
p )⊕
j=0

Hq−1(Pn
k ,OPn

k
(−p))→ Hq−1(Pn

k ,Ω
p−1
Pn/k)→ Hq(Pn

k ,Ω
p
Pn/k)→

(n+1
p )⊕
j=0

Hq(Pn
k ,OPn

k
(−p)).

Serre’s computation of the cohomology of projective space with coefficients in invertible
sheaves shows Hq(Pn

k ,OPn
k
(−p)) vanishes unless q = 0 or q = n. Applying Serre’s compu-

tation to these sequences shows there are isomorphisms Hq(Pn
k ,Ω

p
Pn/k)

∼= Hq−1(Pn
k ,Ω

p−1
Pn/k).

Using Serre’s computation again, in the case p = 1,

Hq−1(Pn
k ,Ω

p−1
Pn/k) =

{
k if q = 1 and p = 1

0 if q > 1 and p = 1

provides the base case for ascending induction with the isomorphisms described above; this
proves the claim for q ≥ p. Using Serre’s computation one last time, in the case p = n+ 1,

Hq(Pn
k ,Ω

p
Pn/k) =

{
0 if q < n+ 1 and p = n+ 1

k if q = n+ 1 and p = n+ 1

provides the base case for descending induction with the isomorphisms described above; this
proves the claim for q ≤ p. �

The computations above show at least one similarity between these cohomology theories:
they all give the same Betti numbers for Pn

k . Said differently, dimH i(Pn
k) was independent
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of cohomology theory. In fact, there would be even more similarities if I wasn’t so sloppy (for
instance the ring structure on cohomology would be the same across each theory, as would
the degree of twisting, when appropriately defined and accounted for). We didn’t need to go
so far as to calculate each cohomology separately; a lot of the above information is apparent
throughout various “comparison theorems” which relate the different cohomology.

Grothendieck’s Comparison of algebraic de Rham cohomology and Betti cohomology
(0.4) Proposition: Let X be a smooth variety over C. Then the algebraic de Rham
cohomology is isomorphic to the analytic de Rham cohomology of Xan. An application of
de Rham’s theorem/Dolbeaut’s theorem extends this to an ismorphism for all i:

H i
dR(X) ∼= H i

B(Xan,C).

Artin’s Comparison of étale cohomology and Betti cohomology
(0.5) Proposition: Let X be a smooth variety over C, Λ any finite abelian group and ΛX

the associated constant sheaf over X. Then there are isomorphisms for all i:

H i
ét(X,ΛX) ∼= H i

B(X,Λ).

These types of comparisons were hints to Grothendieck that something deeper was behind
the cohomology. He had the idea each cohomology was just a glimpse of something larger, a
common motive of cohomology so-to-speak, hence the terminology and name for these talks.
This idea can be made more precise if one considers everything categorically. What we
have are various cohomology theories, which can be considered as functors assigning to each
smooth projective variety a graded algebra. Since the answer we get is essentially always
the same, maybe the cohomology we choose to work with is really just a choice of coefficient
system (which justifies the argument only the field is different between the cohomologies). In
this framework each cohomology theory should be a realization of another object. In other
words, maybe there is a category intermediate varieties and graded algebras such that every
cohomology theory factors through this category.

In the rest of these notes I try to make this idea precise. Nothing here is new information
(unless it is new misinformation). Some of the minor details I’ve decided to include favor the
perspective which I’ve been looking towards more often (for example a little discussion in
the axiomatics of cohomology); this direction will be the subject of my next talk on motives,
cohomology, and homotopy. Other details I’ve completely kicked to the references (primarily
the bulk of work needed in intersection theory); this information is absolutely important and
vital for these ideas but, too detailed to include in a short set of notes. I appreciate any
feedback – there is a possibility I will continue to type up similar notes if they seem useful
(to myself included); I’ve gained new appreciation for the stamina of many authors from this
exercise.

1. Weil Cohomology Theories

The three cohomology theories discussed in the introduction share a number of similar
properties. In particular, each is a so-called Weil cohomology theory. There are others (e.g.
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crystalline, Monsky-Washnnitzer, rigid) but, aside from this comment, I won’t mention them
again.

In what follows, I’ll try to give an axiomatic characterization for a Weil cohomology theory
although, I think this approach falls short. For example, I’ve separated what makes a Weil
cohomology theory different from an arbitrary cohomology theory but, I haven’t explained
why this would justify calling a functor a cohomology theory. I postpone doing this (until
possibly never) because the category of disjoint unions of smooth projective varieties1 over k,
SmProjk, is probably not a good candidate for arbitrary cohomology theories. The definition
of a cohomology theory given below is based roughly on the Brown representability theorem,
a result in topology characterizing (topological) cohomology in an abstract way. From this
viewpoint SmProjk is defective – it lacks arbitrary coproducts.

Again from this point of view, it may be more natural to consider a cohomology theory
as a module over a more general theory. This would explain the cycle class maps axiom
below as the ring which other cohomology theories are modules over. An approach more
reminiscent of the use of ring-module interaction is given in [Kar01].

(1.1) Definition: Let k be a field. A Weil cohomology theory with coefficients in a character-
istic 0 field K is a contravariant functor H∗ : SmProjk → GrAb from the category of smooth
projective varieties over k to the category of graded abelian groups H∗(X) = ⊕n∈ZHn(X)
satisfying the following properties:

Categorical Requirements of Cohomology

(C1) H∗ takes coproducts to products.
In particular, applying this axiom to X

∐
Y and induction shows H∗(

∐
iXi) =

⊕
iH
∗(Xi)

for any finite index i.

(C2) H∗ takes pushouts to weak pullbacks.
This axiom corresponds to a Mayer-Vietoris property. To see this, note for any open

U, V which cover a variety X we have the pushout diagram below on the left, and the
corresponding diagram after applying H∗ below on the right.

U ∩ V U H∗(X) H∗(U)

V X H∗(V ) H∗(U ∩ V )

p

q i

H∗(i)

H∗(j) H∗(p)

j H∗(q)

Since the left diagram commutes, the right does as well. Thus, we get a complex (as abelian
groups)

H∗(X)
(H∗(i),H∗(j))−−−−−−−−→ H∗(U)⊕H∗(V )

H∗(p)−H∗(q)−−−−−−−−→ H∗(U ∩ V )

1a variety over k will be integral, separated, and of finite type over k
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and our axiom requires H∗(X) to be the universal object making this a complex. Since the
kernel of the map H∗(p)−H∗(q) is actually the universal object with this property, we see
H∗(X) is isomorphic to this kernel, and hence this complex is exact. Unfortunately, there
are almost no cases where this is an interesting axiom when we are restricted to smooth
projective varieties. Fortunately, this axiom tends to hold in greater generality (without the
projective hypothesis).

(Products) There exists a ring structure on H∗(−) natural in its argument. More precisely,
let µX : H∗(X) × H∗(X) → H∗(X) be the multiplication map associated to a smooth

projective variety X; the categorical product provides two projections X
pr1←−− X ×k Y

pr2−−→ Y
and a diagonal embedding ∆ : X → X ×k X; this axiom is the requirement that for any
morphism X → Y there is a commutative square µY → µX and

H∗(X)×H∗(X)
H∗(pr1×pr2)−−−−−−−→ H∗(X ×kX)×H∗(X ×kX)

µX×kX−−−−→ H∗(X ×kX)
H∗(∆)−−−−→ H∗(X)

is equal to µX .

(C1) and (C2) are the abstract characterizations of cohomology via the Brown repre-
sentability theorem (modulo the technical difficulties that SmProjk is not the category we
want to define cohomology on). The product axiom is really a special case of an arbi-
trary cohomology theory (so should rightly belong to a characterization of a Weil coho-
mology theory) and it can be seen as a “categorification” of the properties of a ring. To
see this, we can apply the Brown philosophy to think of any cohomology theory as a func-
tor that looks like Hom(−, X) for some object X. If now X has additional properties
like categorified ring maps X × X → X then we get a natural transformation of Hom’s
Hom(−, X ×X) ' Hom(−, X) × Hom(−, X) → Hom(−, X) which is the first requirement
listed above.

With that being said, we can also apply our knowledge of the categorical structure of
SmProjk to obtain more structure in H∗. For instance, since Spec(k) is a final object
in SmProjk, we have that H∗(Spec(k)) is an initial ring in the category containing all
H∗(X). That is to say, every ring H∗(X) actually comes equipped with the structure of
a H∗(Spec(k))-algebra. We’ll begin our requirements of a Weil cohomology theory by saying
H∗(Spec(k)) should be a fairly simple object.

Requirements of a Weil Cohomology

(Trace) For every geometrically connected smooth projective variety X there is an isomor-
phism H2 dimX(X) ∼= K.

(Dimension) For any smooth projective variety X over k, H∗(X) is a finite dimensional
H∗(Spec(k)) vector space and H i(X) = 0 whenever i < 0 or i > 2 dimX.
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(Künneth) The above two axioms imply H∗(X) is naturally a graded H∗(Spec(k))-algebra.
Thus µX×kY ◦H∗(prX × prY ) factors through the tensor product

H∗(X)×H∗(Y )→ H∗(X)⊗H∗(Spec(k)) H
∗(Y )→ H∗(X ×k Y )

and the Künneth axiom requires the right-most map to be an isomorphism.

(Poincaré Duality) The product on H∗(X) gives a perfect pairing

H i(X)×H2 dimX−i(X)→ H2 dimX(X) ∼= K.

In particular, there is a natural isomorphism of H∗(Spec(k))-vector spaces

H∗(X) ' Hom(H∗(X), H∗(Spec(k))).

From this axiom we can also deduce the natural isomorphisms

H∗(X)⊗H∗(Y ) ' H∗(X)⊗ Hom(H∗(Y ), H∗(Spec(k)) ' Hom(H∗(Y ), H∗(X)) (1.1.1)

with the last isomorphism coming from the map v ⊗ f 7→ vf .

(Cycle Class Maps) For any smooth projective variety X there is a map of graded rings

clX :
dimX⊕
j=1

CHj(X)→
dimX⊕
j=1

H2j(X).

This is required to be a natural transformation of functors giving H∗(X) the structure of a
CH∗(X)-module.

(Compatibility of the above) Let f : X → Y be a morphism of smooth projective varieties.
From f we can apply H∗ to get a pullback morphism of graded rings H∗(Y )→ H∗(X). On
the other hand we can use the cycle class map clX×kY : CHdimY (X ×k Y )→ H∗(X ×k Y ) '
H∗(X)⊗H∗(Y ) ' Hom(H∗(Y ), H∗(X)) to obtain another morphism with the same domain
and target by the Künneth and Poincaré duality axioms. The compatibility axiom requires
the equality of these two maps H∗(f) = clX×kY ([Γf ]) : H∗(Y ) → H∗(X) as morphisms of
vector spaces.

2. Background on Cycles

To have a discussion about motives with any geometric substance we’ll need some back-
ground in intersection theory. First we’ll discuss is a geometric interpretation of the Chow
ring mentioned in the cycle class axiom of a Weil cohomology theory. This gives geometric
substance to our notion of a cohomology theory for varieties. Second we’ll discuss functoral-
ity of the construction of Chow rings. This is the part that allows us to have a meaningful
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discussion of the properties similar to cohomology. It also provides the main idea needed to
anticipate the definition of a motive as given below.

To define the geometric content of Chow rings, we’ll limit ourselves to the case of a smooth
projective variety, as opposed to arbitrary smooth varieties or to disjoint unions of varieties.
The reason for avoiding the former is because our Weil cohomology theories are defined on
the category of smooth projective varieties so there is no need for us to consider anything
more generally (although we can, and this generality will be discussed next time). The
reason for avoiding the latter is because we can define a Chow ring of a disjoint union of
varieties to be the sum of the Chow rings of its connected components thus enforcing axiom
(C1) by construction. This also allows us to have a more uniform notation since any smooth
variety is equidimensional. If we tried to define Chow rings for disjoint unions of varieties all
at once we’d run into a slightly pedantic, but albeit clear, problem Zp(X) 6= ZdimX−p(X).

Our starting point will be to define these groups and examine the geometric definition of
a group of cycles modulo rational equivalence. Next, we discuss pullbacks and pushforwards
induced by certain classes of morphisms of schemes, a multiplication that can be considered a
generalized intersection of subvarieties, and a pullback on Chow rings for arbitrary morphisms
which give Chow rings the structure of a contravariant functor CH∗ : SmProjk → GrRing.

(2.1) Definition: Let X be a smooth projective variety over k. We define Z(X) to be the
free abelian group generated by the closed subvarieties of X. Elements of Z(X) are called
cycles. From this definition we have a decomposition Z(X) = ⊕dimX

i=0 Zi(X) where Zi(X)
is the free abelian group generated by codimension i subvarieties of X. Similarly we have
a decomposition Z(X) = ⊕dimX

i=0 Zi(X) where Zi(X) is the free abelian group generated by
dimension i subvarieties of X.

Most of the time our goal is to understand this group Z(X). This is generally impossible;
the group is just too large to be of any use and contains all of the information we want and
don’t want with no relations between the two. To remedy this, we’ll introduce an equiv-
alence relation which has content similar to a type of algebraic homotopy equivalence. If
we had used the free Q-module in the definition of Z(X) instead of the free Z-module we
could actually make this precise but, one is typically more interested in the integral struc-
ture since it’s the initial object in the category of rings – that is to say, it probably contains
all of the information related to other coefficients along with some tensoring, tor’s, and ext’s.

(2.2) Definition: Two subvarieties V,W ⊂ X of dimension i are said to be rationally
equivalent, denoted V ∼rat W , if there is a subvariety T ⊂ X × P1 of dimension i + 1 such
that restriction of the projection X×P1 → P1 to T is dominant (this implies pr2|T : T → P1

is surjective) and the fibers of this morphism over 0 and ∞ are V and W respectively.
We define the group of i-dimensional cycles rationally equivalent to 0 to be the subgroup
Ri(X) ⊂ Zi(X) such that Ri(X) is generated by sums V −W where V ∼rat W . We define
the Chow group of i-cycles of X to be the group of cycles modulo cycles rationally equivalent
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to 0. In symbols
CHi(X) := Zi(X)/Ri(X).

The Chow group of X is defined to be the direct sum of each of its graded pieces

CH(X) := ⊕iCHi(X).

Similarly, there is a “dual” definition for codimension which can be summarized by the
equality CHp(X) = CHdimX−p(X).

This group is much more manageable. We can even compute it in various cases. Granted
the information provided so far gives no hint at how one might go about doing this, even
in the simplest cases (except for a point, this is the only case that can be easily worked out
solely from this definition).

Additionally, we can use the definition of Z(X) as a free abelian group to relate Z(X)
and Z(Y ) by morphisms f : X → Y . For flat morphisms of constant relative dimension
f : X → Y there is a pullback f ∗ : Z(Y ) → Z(X) taking a subvariety V ⊂ Y to f−1(V )
and then extended by linearity. For proper morphisms f : X → Y there is a pushforward
f∗ : Z(X)→ Z(Y ) taking V ⊂ X to deg(V/f(V ))f(V ) whenever f |V : V → f(V ) has finite
degree and 0 otherwise and then extended by linearity. Both pushforwards and pullbacks
defined in this way take cycles rationally equivalent to 0 to cycles rationally equivalent to
0. This means for any flat morphism of varieties f : X → Y there is a pullback morphism
f ∗ : CH(Y ) → CH(X) and for proper morphisms f : X → Y a pushforward morphism
f∗ : CH(X) → CH(Y ). These satisfy basic functorality requirements like id∗ = id, id∗ = id
and for two morphisms f, g both flat (f ◦ g)∗ = g∗ ◦ f ∗ or for two morphisms both proper
(f ◦g)∗ = f∗◦g∗. I’m being a little dishonest by not including the grading in these statements.
Both the proper pushforward and flat pullback morphisms include shifts in the grading but,
when it really matters the shift will be clear.

These pushforward and pullback maps go part of the way towards giving a functorality
to the geometric information of Chow groups. However, they still come short in the respect
they are not defined for all morphisms of varieties (because not all morphisms are flat or
proper). Before going forward, I’ll take a moment to make a brief remark about the history
of all of this. It’s not totally obvious, to me, why one would expect a functorality on such
groups in the first place. Nor is it obvious why one would impose rational equivalence.

Historically, one studied functions from varieties to the base field. This could be considered
instead as a function from f : X → P1 when we consider P1 as the natural extension of
our field by ∞, and poles have values in infinity. A question which was studied in this
framework was: if you choose the subvarieties and multiplicities of these subvarieties, could
you construct a function which has zeros and poles the ones you required? The answer is, in
general, no. It can be seen from the fact that Chow groups are not always trivial: a function
f defines a graph Γf ⊂ X × P1 which is surjective over P1 whenever f is not constant
and, in fact, one can show rational equivalence can be defined from using just these types of
subvarieties (and linear combinations of them).
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It was later understood there could be a multiplication defined on the Chow groups,
turning them into a ring. The multiplication has an intimate relation with intersection of
subvarieties and, in nice cases, the product of two subvarieties can be determined exactly by
their intersection. The study of functorality of these Chow rings was culminated in Samuel’s
paper on adequate equivalence relations. He studied the question “what are the require-
ments an equivalence relation on Z(X) must satisfy so that quotienting by the group it
generates gives a contravariant functor Z(−)/ ∼: SmProjk → GrRing?” and found out that
any such equivalence relation must contain the group of cycles rationally equivalent to 0.
In other words, rational equivalence is the initial equivalence relation for intersection theory
to hold in the form of groups of cycles. Our goal now will be to first give the structure of
a graded ring to any Chow group CH(X) by first identifying CH(X) = ⊕dimX

i=0 CHi(X) and
next by defining a product on this group. We conclude by giving a functorial pullback on
Chow rings defined for any morphism f : X → Y and, in the case f is flat, it agrees with
the geometrically defined morphism given above. Unfortunately, to prove the claims in this
section is rather involved so I’ve opted to not do it. Instead, good sources for learning to
prove the claims of this section can be found in [Ful98],[EKM08] for the arbitrary smooth
varieties and the Stacks project article for projective varieties.

(2.3) Proposition: For smooth and projective varieties, there is a bilinear multiplication
map · : CH∗(X) × CH∗(X) → CH∗(X) which give Chow groups the structure of a graded
ring. This product is natural in the sense it satisfies all the requirements of the (products)
axiom in the definition of a Weil cohomology theory. In the case V and W intersect prop-
erly, i.e. dim(V ∩W ) = dimV + dimW − dimX, this multiplication is given by the formula
[V ] · [W ] = [V ∩W ].

Reference. The claim is summarized with more references in (the very small) section 26 of
[Sta17, Tag 0B0G]. �

(2.4) Proposition: For any morphism of smooth and projective schemes f : X → Y there
is a functorial pullback of graded rings f ∗ : CH∗(Y )→ CH∗(X).

Reference. We define f ∗ by the formula

f ∗(α) := prX∗(Γf · pr∗Y (α)).

The pushforward and pullbacks in this formula are those defined for proper and flat mor-
phisms given above. This makes sense as the morphism X → Spec(k) is proper hence
X × Y → Y is proper by base change; similarly since Y → Spec(k) is smooth, hence flat,
the morphism X × Y → X is flat as well. The proof is given in [Sta17, Tag 0B0H]. �

With all of this out of the way we can now turn to the category of pure integral motives.
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3. Pure Integral Chow Motives

This construction has three steps: take the category SmProjk and define a new tensor
category with modules for Hom sets, take the idempotent completion of our new category,
and formally invert a specific object, with respect to the tensor product, that was not there
to begin with. For simplicity we only work with Z-modules, (i.e. abelian groups). The
same discussion could be had with arbitrary coefficients by tensoring everywhere with an
arbitrary ring Λ over Z or by starting the last section using the free Λ-module instead of the
free abelian group of subvarieties.

(Step 1 ): We define Corrk to be the category whose objects are finite disjoint unions of smooth
projective varieties over k, and whose morphisms will be defined momentarily. Any object
X can thus be written as a finite disjoint union of its connected components X =

∐
iXi.

For such a decomposition, we define the Hom sets of Corrk as23

HomCorrk(X, Y ) := ⊕iCHdimXi
(Xi × Y ).

From this definition, and writing Y =
∐
Yj with each Yj connected,

HomCorrk(X, Y ) = ⊕i ⊕j CHdimXi
(Xi × Yj)

which can be written as a matrix with j rows and i columns. For X, Y, Z connected we can
define composition

HomCorrk(Y, Z)× HomCorrk(X, Y )→ HomCorrk(X,Z)

by the formula
β ◦ α := pX,Z∗(p

∗
X,Y (α) · p∗Y,Z(β))

where pX,Z : X × Y ×Z → X ×Z is the projection (similarly for pX,Y and pY,Z) and · is the
intersection product on cycles. Composition of morphisms between disjoint varieties is done
using the matrix presentation described above.

Of course, I need to verify that this defines a category. Moreover, I want to show it defines
a Z-linear category (i.e. an additive category - I’ll say Z-linear though to emphasize our
choice of Z coefficients). I also want to construct a canonical functor SmProjk → Corrk.

For the former, or to see this is a Z-linear category, we have:

2In the definition of the Hom-sets, one can use the Chow groups in the codimension of the components of
X, i.e. ⊕iCHdimXi(Xi×Y ), instead of dimension, i.e. ⊕iCHdimXi

(Xi×Y ). The difference being: SmProjk →
Chowk will be a covariant functor using dimension but contravariant using codimension. Grothendieck
originally used codimension, since he wanted to think of motives as a target. We use dimension, since we
want to think of motives as a source.

3The definition of the Hom-sets is rather delicate in one more regard. The product of varieties may not
be a variety. However, all of the definitions continue to make since because the product of smooth projective
varieties is a finite disjoint union of smooth projective varieties.
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(3.1) Proposition: The category of correspondences is a Z-linear category. In other words,
it is an additive category.

Proof. First, to show it’s a category: the composition I defined above is associative ([EKM08],
Proposition 62.3; or [Ful98], Proposition 16.1.1), there is an identity morphism for every
object, given by the image of the diagonal ∆ : X → X ×X.

To show it is Z-linear: by definition we have replaced the morphisms by an abelian group
so this part is clear, the composition I defined distributes over sums (which follows from
the fact that · is a product, so it distributes over sums, and the pullback and pushforward
are homomorphisms of groups in particular, so they also distribute over sums). Finally,
this category has coproducts and products, or direct sums, given by the disjoint union:
X ⊕ Y := X

∐
Y . The zero object is the empty scheme. �

For the latter, the functor is defined SmProjk → Corrk:

(3.2) Proposition: Define a functor as follows. On objects, let X 7→ X. For connected X
we can map f : X → Y to the class of its graph [Γf ] ∈ CHdimX(X ×Y ). For arbitrary X we
do the same for a decomposition of into its connected components. It’s a well-defined functor.

Proof. All I want to say here is the composition defined for the category of correspon-
dences has the following property. If f : X → Y , g : Y → Z are morphisms in SmProjk,
then [Γg] ◦ [Γf ] = [Γg◦f ]. Which is proved ([EKM08], proposition 62.6, [Ful98] Proposition
16.1.1). �

Not much else can be said about the above functor. However:

(3.3) Example. The functor defined in (3.2) is not, in general, faithful. If k is an uncountable
field (e.g. C), then consider morphisms from Spec(k) to the projective line P1

k. Here we have
HomSmProjk(Spec(k),P1

k) is the set of rational points of P1
k, which is in bijection with the

elements of k and ∞, hence uncountable. However, CH0(Spec(k) ×k P1
k) = CH0(P1

k) = Z,
which is countable.

(3.4) Example. The functor defined above is not, in general, full. For any field k, we have
HomSmProjk(Spec(k), Spec(k)) = {id} but, CH0(Spec(k)×k Spec(k)) = CH0(Spec(k)) = Z.

Moreover, this is a tensor category. This means there is a functor ⊗ : Corrk×Corrk → Corrk
defined on smooth projective varieties X, Y by

X ⊗ Y := X ×k Y.

Defining the tensor functor on morphisms is a little more complicated. To do so, we first
define the product between morphisms f ,g in CHdimX(X ×U), CHdimY (Y ×V ) respectively

12



(i.e. X, Y are connected). Then

f ⊗ g := p∗X,U(f) · p∗Y,V (g)

where pX,U : X × Y ×U × V → X ×U is the projection (similarly for pY,V ). For morphisms
between disjoint varieties, we define the tensor product to be the Kronecker product of
matrices, that is to say if F = (fi,j)

m,n
i=1,j=1 and G = (gk,l)

p,q
k=1,l=1 then

(F ⊗G)p(i−1)+k,q(j−1)+l := fij ⊗ bkl.

This satisfies (probably, I didn’t check) the necessary associativity and commutativity axioms
(they are too detailed for me to want to include them). The identity object with respect to
this tensor functor is Spec(k), which is equivalent to saying we have canonical isomorphisms
Spec(k) ⊗ X ' X ' X ⊗ Spec(k) for every X. The notation 1 := Spec(k) is useful, and
common, to emphasize this object as the identity with respect to the tensor product.

To reiterate, we’ve constructed a Z-linear tensor category.

(Step 2 ): Let Ĉorrk be the category whose objects are pairs (X, p), of disjoint unions of
smooth projective varieties X =

∐
iXi with p ∈ ⊕iCHdimXi

(Xi × X) such that p ◦ p = p.
For morphisms we define

HomĈorrk
((X, p), (Y, q)) := q ◦ (⊕iCHdimXi

(Xi × Y )) ◦ p

with the same composition defined as in step 1.

There is a full and faithful functor i : Corrk → Ĉorrk defined on objects as X 7→ (X, [Γ∆]).
A morphism α of Corrk is mapped, under this functor, to α.

This step is actually an application of a more general construction. That is, given a cate-
gory C, we can construct a new category Ĉ called the idempotent completion or the Karoubi
envelope of C which admits the characterization:

(3.5) Definition: Let Ĉ be a category with a fully faithful functor F : C→ Ĉ. If

i. every idempotent of C splits in Ĉ; in other words, for any morphism f : X → X of C
with f ◦ f = f there exists an object Z and morphisms r : X → Z s : Z → X in Ĉ such
that s ◦ r = f and r ◦ s = id

ii. for any category D with fully faithful functor g : C→ D in which every idempotent of C
splits in D, there exists a functor completing the following commutative diagram

C Ĉ

D

F

G

13



then we say Ĉ is the idempotent completion or Karoubi envelope of C.

The construction above using pairs, of objects with idempotents, is one explicit way to
construct the idempotent completion of a category. One of the most important properties of
idempotent completions we’ll utilize is that every idempotent splits. This is crucial for the
last step of this construction.

Another term for Ĉorrk is a pseudo-abelian category, meaning it is Z-linear and every
idempotent morphism has a kernel and a cokernel. Corpoducts and products in Ĉorrk are
defined (X, p) ⊕ (Y, q) := (X ⊕ Y, p ⊕ q). The linear structure extends that of Corrk in the
sense the diagram

Corrk × Corrk Corrk

Ĉorrk × Ĉorrk Ĉorrk

⊕

i×i i

⊕

is commutative.
Ĉorrk is also a tensor category. The tensor functor ⊗ : Ĉorrk × Ĉorrk → Ĉorrk is defined on

objects as (X, p)⊗ (Y, q) := (X ⊗ Y, p⊗ q) and on morphisms f = q ◦ α ◦ p, g = z ◦ β ◦w as
f ⊗ g := q⊗ z ◦ α⊗ β ◦ p⊗w. This naturally extends the tensor functor defined on Corrk in
the sense the diagram

Corrk × Corrk Corrk

Ĉorrk × Ĉorrk Ĉorrk

⊗

i×i i

⊗

is commutative.
From now on we’ll let M be the composition of the functors

SmProjk → Corrk
i−→ Ĉorrk.

We’ll also denote the object (X,Γ∆) in Ĉorrk by M(X).
To reiterate, we’ve constructed a pseudo-abelian Z-linear tensor category in which every

idempotent splits.

(Step 3 ): Before we proceed with the last step, we need to examine more closely the cate-
gory constructed so far. In particular, we need corollary (3.7) below, which will be a result
obtained from the analysis of proposition (3.6).

(3.6) Proposition: In Ĉorrk there are isomorhpisms

M(Spec(k)) = (Spec(k), [Γ∆]) ∼= (P1, [P1 ×∞])

M(P1) = (P1, [Γ∆]) ∼= (P1 ⊕P1, [P1 ×∞]⊕ [∞×P1]).

14



Proof. For the first isomorphism, I’ll produce correspondences

f ∈ CH0(Spec(k)×P1)

g ∈ CH1(P1 × Spec(k))

so that f ◦ g = id = [P1 ×∞] and g ◦ f = id = [Γ∆(Spec(k))].
To save space, I’ll write [k] for [Spec(k)]. Let f be the class [k ×∞]. Let g be the class

[P1 × k]. For notation, I’ll use pij as the i, jth projection from Spec(k)×P1 × Spec(k) and
qij for the i, jth projection from P1 × Spec(k)×P1. Composition then gives

g ◦ f =p13∗(p
∗
12([k ×∞]) · p∗23([P1 × k]))

=p13∗([k ×∞× k] · [k ×P1 × k])

=p13∗([k ×∞× k]) = [k × k]

=idM(Spec(k))

and
f ◦ g =q13∗(q

∗
12([P1 × k]) · q∗23([k ×∞]))

=q13∗([P
1 × k ×P1] · [P1 × k ×∞])

=q13∗([P
1 × k ×∞]) = [P1 ×∞]

=id(P1,[P1×∞]).

The second isomorphism can be deduced similarly, using

f =

(
[P1 ×∞]
[∞×P1]

)
∈ Hom(M(P1), (P1 ⊕P1, [P1 ×∞]⊕ [∞×P1]))

and

g =
(
[P1 ×∞] [∞×P1]

)
∈ Hom((P1 ⊕P1, [P1 ×∞]⊕ [∞×P1]),M(P1))

because

id = g◦f =
(
[P1 ×∞] [∞×P1]

)([P1 ×∞] 0
0 [∞×P1]

)(
[P1 ×∞]
[∞×P1]

)
∈ Hom(M(P1),M(P1))

and I’ll leave out f ◦ g but remark it’s similar. �

(3.7) Corollary: In particular, there is a decomposition in Ĉorrk

M(P1) = M(Spec(k))⊕ L

where L = (P1, [∞×P1]).

Our last step in constructing a category of motives comes from inverting the object L
with respect to the tensor product. That is, we adjoin an object L−1 to Ĉorrk so that
L ⊗ L−1 = 1. Another way to describe this process is by forcing the functor − ⊗ L to be
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an equivalence of categories. That is, we embedd Ĉorrk fully faithfully into a category with
a natural extension of the tensor functor, on which −⊗L induces an equivalence of categories.

(3.8) Definition: Let L = (P1, [∞×P1]) as above. We call L the Lefschetz motive. Invert-

ing the Lefschetz motive allows us to construct the category Chowk := Ĉorrk[L
−1]. We call

the category Chowk the category of pure Chow motives with integral coefficients.

Chow motives admit a very concrete description in terms of objects and morphisms. The
objects of Chowk are triples (X, p,m) where X is a smooth projective variety, p is an idempo-
tent as before, and m is an integer. Morphisms between two such triples (X, p,m), (Y, q, n)
are elements of the Z-module

q ◦ ⊕iCHdimXi−n+m(X × Y ) ◦ p

for a decomposition X =
∐
Xi into connected components. This description is actually a

consequence of a more general construction; the Hom set in particular can be seen as the
limit lim−→r

HomĈorrk
(X ⊗ Lm+r, Y ⊗ Ln+r) and the existence of a cancellation isomorphism

HomĈorrk
(X ⊗ L, Y ⊗ L) ' HomĈorrk

(X, Y ).

Connecting the functors SmProjk → Corrk → Ĉorrk → Chowk shows that a variety X is
mapped to the triple (X, [Γ∆], 0) where ∆ : X → X ×X is the diagonal; in particular, the
last functor is full and faithful. I’ll call this the Chow motive of X, and write M(X) for this
triple. Other conventions which are popular:

· M(Spec(k)) is often denoted by 1 or Z; more often it’s denoted by Z.

· The inverse of the Lefschetz motive, L−1, is called the Tate motive.

· The Tate motive is given by the triple (Spec(k), [Γ∆], 1).

· The Lefschetz motive is often written Z(−1), and the Tate motive Z(1).

· Tensoring a motive M(X) by the motive Z(n) := Z(1)⊗n for n ≥ 0 and Z(n) := Z(−1)⊗−n

for n < 0 is often written M(X)⊗ Z(n) := M(X)(n).

Moreover, the category of pure Chow motives retains all of the categorical properties
we’ve discussed so far. In particular, Chowk is a pseudo abelian Z-linear tensor category. The
additive structure is now given by (X, p,m)⊕(Y, q, n) = ((X⊗P|m−n|)⊕Y, p′⊕q,max{m,n})
for a suitable p′ (which can be constructed explictly, see for example [Sch94]). The tensor
structure is much nicer and given by (X, p,m) ⊗ (Y, q, n) = (X ⊗ Y, p ⊗ q,m + n). The
important property we gain from inverting the Lefschetz motive is rigidity.

First, we make some general observations. Note M(X)⊗M(Y ) = M(X×Y ) for any X, Y
in SmProjk. Further, given a cycle α ∈ CH(X×Y ) we can associate a cycle αt ∈ CH(Y ×X)

by taking the pullback of α under the canonical isomorphism X×Y t−→ Y ×X. For the class
of the diagonal, [Γ∆], we have [Γt∆] = [Γ∆]. This allows us to define dual objects. For any
triple M = (X, p, n) with X connected, the dual of M is defined M∨ = (X, pt, dimX − n).
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We can extend this to all triples by using the additive and tensorial structure. The category
of Chow motives being rigid is then a consequence of the following definition and proposition.

(3.9) Definition: A symmetric tensor category (C,⊗) is rigid if, for every object A of C

there exists an object A∨ and canonical morphisms 1
δ−→ A ⊗ A∨, A∨ ⊗ A ε−→ 1 so that the

maps obtained upon tensoring

A
δ⊗idA−−−→ (A⊗ A∨)⊗ A ∼−→ A⊗ (A∨ ⊗ A)

idA⊗ε−−−→ A

A∨
idA∨⊗δ−−−−→ A∨ ⊗ (A⊗ A∨) ∼−→ (A∨ ⊗ A)⊗ A∨ ε⊗idA∨−−−−→ A∨

are the identities.

(3.10) Proposition: The category of Chow motives is rigid.

Proof. We’ll prove the above properties for an object M = (X, p, n) assuming X is connected
(and avoid the general case). Here, we only need to find appropriate morphisms 1→M⊗M∨

and M∨ ⊗M → 1. Recall,

HomChowk
(1,M ⊗M∨) = (p⊗ pt) ◦ CH0+dimX(Spec(k)×X ×X)

and
HomChowk

(M∨ ⊗M,1) = CH2 dimX−dimX(X ×X × Spec(k)) ◦ (pt ⊗ p).
There is a suggestive element of CHdimX(X×X) which turns out to be the desired morphism.
Namely, we choose the dimX cycle which is the class of the diagonal ∆ : X → X ×X, [Γ∆].
Of course, we need to compose with p⊗ pt and pt ⊗ p respectively but this will work. �

To reiterate, we’ve constructed a pseudo-abelian rigid Z-linear tensor category, where
every idempotent splits.

4. Motives as an Intermediate of Cohomology

This section has two goals. One is to explain, in precise terms, the motivation Grothendieck
had to conceive a category of Chow motives like the one defined above. This is accomplished
by way of Theorem (4.1). For us, our motivation is revisted in Example (4.3), where we re-
turn to the computations of the introduction in a now unified form. Discussion of the various
generalizations and philosophies behind the constructions is postponed until the last section.

(4.1) Theorem: Every Weil cohomology theory factors through the category of Chow mo-
tives in the sense if H∗ is a Weil cohomology theory then there is a realization functor
rH : Chowk → GrRing making the diagram below commute.

SmProjk GrRing

Chowk

H∗

rH
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Proof. We’ll define rH explicitly. Following this we’ll check our definition agrees with H∗

using the axioms of a Weil cohomology theory.
First, let rH be defined on objects

(X, p,m) 7→ H∗(X)⊗H∗(Spec(k)) H
2(P1)⊗−m

where if m is positive we mean the dual of H2(P1) under Poincaré duality raised to the mth
tensor power. On morphisms this functor is defined by sending f : (X, p,m) → (Y, q, n) to
the corresponding element of Hom(H∗(Y ), H∗(X)) defined by the image of f under the map
described in the compatibility axiom of (1.1).

To see the commutativity of the above diagram, we have to check H∗(f) = rH(f) for any
morphism f : X → Y in SmProjk. Following the maps below, we see this is exactly the
content of the compatibility axiom.

HomSmProjk(X, Y )→CHdimX(X ×k Y )

=CHdimX(X ×k Y ) = CHdimY (X ×k Y )
cl−→ H∗(X ×k Y )

=H∗(X ×k Y ) ' H∗(X)⊗H∗(Y )

=Hom(H∗(Y ), H∗(X))

More precisely, the compatibility axiom gives the second arrow of f 7→ [Γf ] 7→ H∗(f). �

One of the main consequences of such a theorem is the following corollary.

(4.2) Corollary If there is a decomposition of motives M = ⊕iMi then we have a decom-
position of the corresponding cohomology rH(M) = rH(⊕iMi) = ⊕irH(Mi).

(4.3) Example: We’ll use this corollary to compute the cohomology of projective space. This
is a direct generalization of our original results (0.1), (0.2), (0.3) which can be obtained as
applications of various realization functors rB,σ, r`, rdR. Our final computation is succinctly
summarized by the following formula which can be seen as a generalization of (0.1.1):

M(Pn) ∼= Z⊕M(Pn−1)(−1) ∼= Z⊕ Z(−1)⊕ · · · ⊕ Z(−n).

This is a consequence of a Yoneda-type lemma [Man68]. That is, two motives X, Y are
isomorphic if and only if they yield isomorphic functors HomChowk

(−, X) ∼= HomChowk
(−, Y ).

Now the claim follows from a result in intersection theory saying there is an isomorphism
CH∗(A×Pn) ∼= CH∗(A)[T ]/(T n + 1) which is exactly what needed to be proved.

Finally, applying a realization rH we find

H∗(Pn) =rH(M(Pn))

=rH(Z)⊕ rH(Z(−1))⊕ · · · ⊕ rH(Z(−n))

=H0(Spec(k))⊕H2(P1)⊕ · · · ⊕H2(P1)⊗n

recovering that H∗(Pn) is isomorphic to our coefficient field concentrated in even degrees
below 2n.
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5. Conclusion

In terms of mathematical precision, the above section is the true conclusion. This section
is more of a discussion for the parts of the theory not included in the above. The general
theory of motives is riddled with conjectures and various relations to other fields which often
times makes it difficult to see what’s true and what’s fantasy. A nice overview can be found
in [And04].

I’ll start with a little more background to the construction. Strictly speaking, the category
of Chow motives is not what one would want it to be. The categorical structure is not as
nice as would be desirable. For instance, it would be perfect if one could obtain a full
decomposition in the category of Chow motives so that corollary (4.2) would give exactly
the realization of each of the graded pieces of the cohomologies. Often times this will not
happen or multiple graded components will be “twisted” together. Different realizations
have the potential to give different results for these grouped pieces.

A category satisfying the necessary requirements to fulfill this is called a semisimple abelian
category. Interestingly enough, there is a way to ensure a category of similarly defined mo-
tives is semisimple abelian. The change required is to change the definition of the Chow
groups. Instead of quotienting by rational equivalence one can instead quotient by numer-
ical equivalence. A paper by Jannsen then shows that the category defined in this way is
semisimple abelian if and only if the equivalence relation defined on Chow groups is numerical
equivalence.

Of course, there are caveats to doing this. The largest caveat is that changing to numerical
equivalence would no longer allow us to prove Example (4.3)! That is, we wouldn’t be sure
if there are realizations rB,σ, r`, rdR. The problem comes from the known relations between
adequate equivalence relations as defined by Samuel. In particular, to have a realization
functor we need a cycle class map defined for each variety. Really this is a map Z(X) →
H∗(X) for any variety X. It factors through rational equivalence giving a map from Chow
rings by the natural transformation requirement. To guarantee a cycle class map we could
go the other way. In particular define an equivalence relation on Chow groups as the kernel
of the cycle class maps for a particular cohomology theory H∗. This would guarantee that
H∗ factors through the category of motives defined using such an equivalence relation. In
general, however, it’s known that there are more cycles numerically equivalent to 0 than there
are in the kernel of such a cycle class map. The other inclusion is not known in general. In
fact, this is one of the standard conjectures of Grothendieck (along with the claim that no
matter which cohomology H∗ is chosen, the kernel should be the same).

Another problem which can be seen to be dual to the above is the study of the images
of the cycle class maps given above. For most cohomology theories there are a number of
examples one can find which says the cycle class maps are not surjective. For example, in
`-adic cohomology there is an action of Gal(k/k) on the cohomology groups H∗. It’s known
the image of the cycle class map must be contained in the set of invariants under this group
action. It’s worth mentioning the Hodge conjecture is the claim that the cycle class map
is surjective on the elements with rational coefficients contained in the diagonal pieces of
the hodge decomposition of de Rham cohomology. This is another standard conjecture of
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Grothendieck.
Focusing again on the action of the Galois group provides motivation for the inversion of

the Lefschetz motive. Group actions are plentiful on cohomology. In some instances each of
these can be thought of as an action by some “fundamental group”. The step which inverts
the Lefschetz motive can be seen as a way to obtain a universal group action on the category
of motives. There’s a way to make this universality precise (as in, to a rigid abelian tensor
category with a fiber functor there is a group scheme whose category of representations is
naturally equivalent to the one we start with). By restricting to the sub-tensor categories
generated by a variety X, one can apply this theorem to obtain a “motivic fundamental
group” of X which is the universal group acting on the “fiber functors”, which in our case
would be the cohomology functors H∗, all restricted to X and it’s tensor powers and sums.
This approach requires us to use coefficients in a field instead of the integral coefficients we
used throughout sections 2-4 above.

However, the program which has had arguably the most success in being fully carried
out is related to homotopy theory. To keep an eye on which ideas we’ll generalize in our
homotopical discussion next time (eventually(!)) I have some places I can point to.

First, all of our cohomology theories were defined on larger categories than just the smooth
projective varieties. We even used the computation of cohomology of higher dimensional
affine space in the proof of (0.3), and these are not projective varieties. This could hint to a
more general construction where we focus on smooth varieties instead of smooth projective
varieties, possibly even with a characterization to single out the smooth projective varieties
from all smooth varieties.

Second, the cohomology we worked with all satisfy the property H∗(X × A1) ∼= H∗(X).
One way to see this is to calculate H1(A1) = 0 and then use the Künneth decomposition of
the product. This will turn out to be a certain homotopy invariance of these cohomologies
when we consider A1 as a suitable substitute for the interval’s role in homotopy theory.

Third, and last of all, inverting the Lefschetz motive has a certain familiarity with the
process of stabilization in topology. The generalization here is that tensoring with the
Lefschetz motive is the analog of the suspension functor. I’ll stop with this remark because
I’ll have to write out concrete details to say anything more accurately.
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