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Abstract

Notes on abstract algebra which we will take for granted.

1 Review of Linear Algebra

As with most of the topics in algebra, a large portion of the theory of groups,
rings, and fields can be traced to linear algebra. The term group was coined
by Galois in his work on the unsolvability by radicals of the general polyno-
mials of degree 5 and greater. Galois theory itself is an interesting relation
between groups and fields which we will discuss later. The modern treatment
of abstract algebra is due to Van der Waerden in the 1900’s through his text
on algebra.

The modern treatment of abstract algebra follows his text in the procession
of groups, rings, and fields. Throughout this work we hope to develop the
concepts of group theory with more concrete motivation, while still benefit-
ing from the abstract approach to the subject. As such, we first review linear
algebra in a different language – the abstract language – and then continue
to the subject of groups in both a concrete and abstract approach. Knowing
the material below by heart is less important than acknowledging the terms
and understanding the context in which they are used. I encourage a brief
overview of the material but, not to fret over the minor details.

Recall a vector space V is an abelian group that is compatible with scalar
multiplication from a field F . An equivalent statement is that a vector space
is an abelian group and a set of maps φc : V → V for every c ∈ F subject to
the constraints that φc(a+ b) = φc(a) + φc(b), φ1(a) = a, and φc ◦ φd = φcd.
These maps are an abstraction of multiplication by scalars of F . A homo-
morphism of vector spaces V,W is a map T : V → W which preserves this
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structure. That is, T (ca + b) = cT (a) + T (b) for every c ∈ F and a, b ∈ V .
This is a homomorphism of the abelian group which also preserves scalar
multiplication.

If V,W are vector spaces of dimension n,m respectively, they have n,m gen-
erators called a basis. Say V = span{v1, ..., vn} and W = span{w1, ..., wm}.
Then for an arbitrary element v ∈ V there is a unique relation v = a1v1+· · ·+
anvn. Applying T to v yields T (v) = a1T (v1)+· · · anT (vn) which shows every-
thing in the image of T is spanned by linear combinations of the images of the
generators of V . As elements of W we may write T (vi) = b1iw1 + · · · bmiwm

and by substitution T (v) = a1(b11w1 + · · · b1mwm) + · · · + an(b1nw1 + · · · +
bmnwm). A rearrangement yields T (v) = (a1b11 + · · · anb1n)w1 + · · · (anb1n +
· · · anbmn)wm. This gives the matrix presentation, M = (bij) of T by noting
that for every vector v ∈ V the equation T (v) = Mv holds for every v ∈ V : b11 · · · b1n

...
. . .

...
bm1 · · · bmn


a1...
an

 =

b11a1 + · · ·+ b1nan
...

bm1 + · · ·+ bmnan


When V = W and T is an isomorphism we have M is a n × n square ma-
trix with nonzero determinant. The set of all such matrices form the group
of automorphisms (isomorphisms between an object and itself) of V and is
denoted by GLn(F ) or GL(n, F ) or GL(V ). These are the general linear
groups over V , or F n. The set of all matrices with determinant 1 is denoted
by SLn(F ) or, the special linear group.

The above discussion can be summarized by the following commutative dia-
gram with T a homomorphism and M a m× n matrix:

V W

F n Fm

T

∼ ∼

M

Similarly, one may work out the matrix presentation of T by right hand
multiplication. That is, a matrix N = (cij) such that T (v) = vN . In
both of these cases we have shown there exists a matrix presentation of
the homomorphism T . This defines a map from the space of vector space
homomorphisms with domain V and codamain W to the set of m × n(or
n×m for right handed multiplication) matrices with entries from F . This is
our first instance of an abstract isomorphism.
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2 Abstract Group Theory

In this section we introduce the formal notion of a group with the given ax-
ioms which a group satisfies. We continue with basic theory of groups but
skip some of the more detailed proofs which are available throughout any
textbook on abstract algebra. We will include the theorems which will be of
importance later but, for the time being we aim to look at general groups
and structure theorems of groups.

Definition: For a set G, a binary operation on G is a map ∗ : G×G→ G.
We say ∗ is associative if ∗(a, ∗(b, c)) = ∗(∗(a, b), c) for all a, b, c ∈ G. If, fur-
ther there is an element 1 such that ∗(1, a) = ∗(a, 1) = a for every a ∈ G and
for each a ∈ G there is an element a−1 such that ∗(a, a−1) = ∗(a−1, a) = 1
then we call (G, ∗) a group.

From now on we will drop the notation of ∗ and assume the binary operation
is implicit unless stated otherwise; we will also denote by a ∗ b, or even ab,
the element ∗(a, b) of G.

From these axioms it should be verified that an identity element is unique and
so are inverses (this can be done by an argument of contradiction). I encour-
age the reader to now think of any groups which they have become familiar
with and to think of new examples in a subject that is not arithmetic. We
will introduce various examples of groups throughout the section on concrete
group theory but, we give some more definitions which will come in use later.

A group is called abelian (after Niels Abel) if ∗ is commutative. Axiomati-
cally this says ∗(a, b) = ∗(b, a) for every a, b ∈ G. A subgroup H of G is a
subset H ⊂ G such that (H, ∗|H×H) is a group (here another subtle neces-
sary condition is that the restriction must map into H). It is clear from this
definition that a subgroup of an abelian group is also abelian. A group is
finite if G is a finite set. The order of a finite group is the cardinality of G
as a set.

A homomorphism from a group G to a group H is a map φ : G → H such
that φ(ab) = φ(a)φ(b) for every a, b ∈ G. A homomorphism which is also a
bijection is an isomorphism. Note that the defintion of homomorphism says
that the operation may be computed first in G and then transported to H
or first transported to H and then the computed by the operation in H.
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3 Concrete Group Theory

Our goal in this section is to view as many examples of groups as we possibly
can while relating them to meaningful objects in the mathematics. Once
we have some examples under our belts, we will show how new groups can
be constructed from old ones and then proceed to some of the main struc-
ture theorems of group theory. Since these are notes for the time being, this
should be supplemented with an exhaustive text such as Dummit and Foote’s
text or Artin’s Algebra.

One of the original purposes of groups was to explain symmetry of permut-
ing roots of polynomial equations. These symmetries appear in the form of
permuations and in this treatment we express neither the generality nor the
precision as other texts.

Definition: A permuation of the set X is a bijection f : X → X. The set
of all permuations of X is the set SX and is called the group of symmetries
of X. Under the binary operation of composition the set SX forms a group.

It is a useful exercise of set theory to show the composition of bijections is
a bijection. When X is a finite set of cardinality n we will often denote SX

by Sn, or the group of permuations on the set {1, ..., n}. We may repre-
sent these permuations by cycles which will be our main tool of symmetry
groups. An example of a cycle of S5 is (132). This is the permuation sending
1 7→ 3, 3 7→ 2, 2 7→ 1 and 4, 5 are fixed. Due to the notation of function
composition, we use the righthand notation for cycle multiplcation as well.
This means the cycle (12)(23) maps 3 to 2 and then 2 to 1, 2 maps to 3 and
then 3 is fixed, 1 is fixed and then 1 maps to 2 and 4, 5 are fixed. Thus,
(12)(23) = (312) = (123) = (231).

A cycle is called an n cycle when it has n indices: (a1 · · · an). A 2-cycle is
called a transposition. Every cycle can be written as the product of trans-
positions as follows:

(a1 · · · an) = (a1an)(a1an−1) · · · (a1a3)(a1a2)

or
(a1 · · · an) = (a1a2)(a2a3) · · · (an−2an−1)(an−1an).

Assure yourself these are both valid representations of the same cycle.
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Remark - Note there are injective homomorphisms Sn−1 → Sn for every n
by mapping a cycle to “itself”, fixing n.

Theorem: Sn is of order n!.

Proof. This is just a combinatorial proof which is done by induction. �

As a set, S3 = {(1), (12), (23), (13), (123), (132)}. This is all of the elements
since |S3| = 3! = 6. Write out the multiplication table for S3 (i.e. all multi-
plications a ∗ b for all a, b ∈ S3) and do not forget not all groups commute.
Which elements of S3 commute?

Definition A representation of G is a homomorphism ρ : G→ GL(V ) from
G to the general linear group of a vector space V .

An obvious representation is the homomorphism ρ(g) = I for all g ∈ G. A
faithful representation is one which is injective. Show that there is a faithful
representation ρ : Sn → GLn(R) for all n. (Hint: elementary matrices on the
basis).

Another example of a group is the dihedral group of order 2n. We de-
note this group Dn. It is the group generated by the elements x, y such
that xn = 1 = y2 and yxy = xn−1 = x−1. We write this presentation as
Dn = 〈x, y | xn = y2 = 1, yxy = x−1〉. Is there an injection Dn → Sn (this
has a simple explanation but not necessarily an easy map).

We outline a square in R2 with vertices A = (−1, 1), B = (1, 1), C = (1,−1),
and D = (−1,−1). Let R90 be the linear transformation of R2 rotat-
ing clockwise by 90 degrees. Let H be the linear transformation of re-
flection across the x-axis and V the reflection across the y-axis. This set
of linear transformations forms a group isomorhpic to D4. It is the set
{R0, R90, R180, R270, H, V,R90H,R90V }. This gives a faithful representation
of D4 by the map ρ : D4 → GL2(R). If we track the vertices S = {A,B,C,D}
this also gives a set of bijections S → S which can be written down in cycle
notation. However, there is no faithful representation ρ : S4 → GL2(R).

The same way as above, we may find a faithful representation ρn : Dn →
GL2(R) for every n by viewing it as the linear transformations of the sym-
metries of a regular n-gon.
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4 Cayley’s Theorem

This theorem tells us why it is important to look at the symmetry groups
anyways.

Theorem: There is a homomorphism φ : G→ SG for any finite group G.

Proof. Define the set Ḡ to be the maps ϕg : G→ G defined by h 7→ gh. This
is a bijection on G. Take φ : G→ Ḡ to be the map g 7→ ϕg and view Ḡ as a
subset of SG. �

In particular, the mapping φ defines an isomorphism with a nontrivial sub-
group of SG.
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5 Constructions

In this section we look at different ways to construct new groups.

Definition: The product of two groups G,H is denoted G×H. It is the set
G × H with the binary operation ∗G × ∗H : (G × H) × (G × H) → G × H
(component-wise operations).

Definition: The coproduct of two abelian groups, or direct sum of two
groups G,H is denoted G ⊕ H. It has the same binary operation as the
product, but it’s elements are order pairs (a, b) where all but finitely many
indices are the identity. This agrees with product except in the infinite case.

Definition: Let H be a subset of G. We define 〈H〉 to be the smallest
subgroup of G containing H. Equivalently, this is the intersection of all sub-
groups of G containing H.

Definition: We define the product of two subgroups of G, S, T ⊂ G, to be
the subgroup 〈ST 〉. This subgroup is the smallest subgroup containing all
products st for all s ∈ S and t ∈ T .

The remainder of this section will be devoted to constructing the quotient of
a group. Let G be a group and H be a subgroup of G such that gHg−1 = H.
Such a subgroup is called normal (and such subgroups exist as, for example,
every subgroup of an abelian group is normal). Take the set-theoretic dis-
joint union of the the sets gH for every g ∈ G. We will denote this by the
symbols Ḡ :=

∐
g∈G

gH. Define the set-theoretic equivalence relation on Ḡ by

gH ∼ kH if gH = kH or k−1gH = H.

From here on out we denote [g] the equivalence class of cosets containing g.
We define a binary operation on Ḡ by [g][k] = [gk]. This is well-defined since
if [k] = [k′] then [g][k′] = gk′H and since k′H = kH we have h = k′−1kh′ for
some h, h′ ∈ H. Thus gk′H = gk′hH = gk′k′−1kh′H = gkH which is [gk].
If [g] = [g′] then [g′][k] = [g′k] = g′kH. Since g′H = gH and kH = Hk by
normality, we have g′kH = g′Hk and g′−1gh′ = h for some h, h′ ∈ H. Thus
g′Hk = g′g′−1gh′Hk = gHk = gkH with the last equality coming from the
normality of H. The set Ḡ with this binary operation is the quotient group
G/H.
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6 (Pathological) Examples

Example 1 Let G = Z and H = Z and construct the product of these
two groups. The group G × H = Z × Z is the set of all orderd pairs
(a, b) with a, b ∈ Z and the operation is component-wise addition. It is
not hard to show subgroups of G × H under the natural projection into
G or H are again subgroups of G and H. From this, 2Z × 3Z is a sub-
group of Z × Z because π1(2Z × 3Z) = 2Z and π2(2Z × 3Z) = 3Z. How-
ever, not all subgroups are products of subgroups. Consider the diagonal
Z(1, 1) = {(a, a) ∈ Z× Z : a ∈ Z}. This satisfies the projection requirement
but is not a product of two subgroups.

Example 2 Let G =
⊕∞

i=1 Z and take H to be the subgroup of elements
(a, 0, 0, 0, ...) with a ∈ Z and 0 elsewhere. Since G is abelian H is normal.
Construct the quotient G/H = {0} ⊕

⊕∞
i=2 Z. Define an isomorphism of

G/H to G. This shows that G ∼= G/H does not imply H is trivial.

Example 3 Let Gn be the group of all rational numbers which can be writ-
ten as k

pn
under addition. Construct the quotient Hn = Gn/Z and consider

G =
⋃∞

n=1Hn. This is an infinite group whose subgroups are all finite. It is
refered to as the Prüfer group.
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7 Abstract Theory and Structure Theorems

Here we prove some general structure theorems about groups and their (nor-
mal) subgroups. In particular, we prove the very important first isomorphism
theorem which will be a huge tool for us throughout algebra.

Lemma: A subgroup is normal iff it is the kernel of some homomorphism.
Note - in group theory kernel refers to the set whose image is the identity.

Proof. =⇒ If N is a normal subgroup, then it is the kernel of the map
φ : G→ G/N taking g 7→ gN .

⇐= Let φ be a homomorphism and consider the kerφ. Let g ∈ G be arbi-
trary and a ∈ kerφ. Then φ(gag−1) = φ(g)φ(a)φ(g−1) = φ(g)1φ(g−1) = 1 so
that gag−1 ∈ kerφ. Since g was arbitrary we have kerφ is normal. �

Theorem: (First Isomorphism Theorem). If φ : G → H is a group homo-
morphism, then G/ kerφ ∼= φ(G).

Proof. The map π : G/ kerφ → φ(G) for the isomorphism is given by
π(g kerφ) = φ(g). �

Theorem: (Third Isomorphism Theorem). If K,N are normal subgroups
of G with N ⊂ K ⊂ G then K/N is a normal subgroup of G/N and every
normal subgroup of G/N is of the form K/N for some normal subgroup K
such that N ⊂ K ⊂ G. Furthermore, (G/N)/(K/N) ∼= G/K.

Proof. Define the map π : G/N → G/K by taking gN 7→ gK. The kernel
of this map is ker π = K/N = {gN ∈ G/N : g ∈ K} and by the first
isomorphism theorem above, (G/N)/(K/N) ∼= G/K. �
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8 Abelian Groups

Abelian groups are nice because they are simpler than nonabelian groups.
Here we will go over some examples of abelian groups and then a construc-
tion for the abelianization of a group. Afterwards we prove the fundamental
theorem for finitely generated abelian groups.

Let G be a finite group of order n. We call G cyclic if it is generated by
a single element. In this context generated means 〈g〉 = G or the small-
est group containing g is the whole group. The integers moduluo n under
addition are cyclic groups of order n generated by 1. This is the group Z/nZ.

For arbitrary n ∈ Z we can write a prime factorization of n = pk11 · · · pkss and
construct a map from Z→ Z/pk11 Z× · · · × Z/pkss Z by sending an element to
its equivalence class modulo pkii in each component. Suppose a ∈ Z maps to
the 0 element of the codomain. Then pkii divide a for all i and this happens
precisely when n | a so that the kernel of this map is nZ. It is a surjection
by the Chinese remainder theorem so that Z/nZ ∼= Z/pk11 Z × · · · × Z/pkss Z
by the first isomorphism theorem.

This shows that the product of groups can still be cyclic. This is not the case
when pi are not distinct. For example, the group Z/2Z× Z/2Z, also known
as the Klein four group, is not cyclic.

Z is the infinite cyclic group. Show that every infinite group has a subgroup
isomorphic to Z otherwise has an infinite number of finite subgroups.

Let G be a group, not necessarily abelian (in fact, necessarily nonabelian for
nontrivial discussion). The commutator subgroup of G is denoted G′. It is
the subgroup of G containing all elements of the form g−1h−1gh for all pairs
of elements g, h ∈ G. The element g−1h−1gh is called the commutator of g
and h and denoted [g, h].

Theorem: (Abelianization of G). The group G/G′ is abelian.

Proof. Let g, h be arbitrary elements of G and denote the map φ : G→ G/G′

the natural map taking elements to their cosets. Then φ(g)φ(h) = ghG′ =
ghh−1g−1hgG′ = hgG′ = φ(h)φ(g). �

The result above is more or less interesting. For abelian groups the commu-
tator subgroup is the trivial subgroup. By the third isomorphism theorem
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this shows a quotient G/N is abelian if G′ ⊂ N . The converse is also true,
G/N is abelian only if G′ ⊂ N due to the way we defined G′.

Theorem: (Fundamental Theorem of Finitely Generated Abelian Groups).
If G is an abelian group generated by a finite set of elements, then there is a
decomposition G ∼= Zn ⊕ Z/pk11 Z⊕ · · · ⊕ Z/pkss Z.

Recall ⊕ and × agree with each other in the case of ordered pairs of finitely
many indices. We omit proof of the above because we do not use the result
here.

11



9 Lagrange, Cauchy, and Sylow

This section gives some results regarding finite groups. In particular we look
at three important results attributed to the above people. Informally speak-
ing, Lagrange’s theorem gives necessary conditions on the size of a subgroup
of a finite group. Cauchy and the Sylow theorems offer a sort-of converse to
Lagrange’s theorem and will be of large importance in the classification of
finite groups. Without further ado –

Theorem: (Lagrange). If G is a finite group of order n, then any subgroup
of G has order dividing n.

Proof. For this proof we will use the fact that cosets partition G and the
relative size of the cosets to form a counting argument. For any g ∈ G the
coset gH has the same cardinality as H. Indeed, if gh = gh′ for any h, h′

then h = h′ so that gh are distinct for all h ∈ H. Then by counting we have∑
gH∈G/H

|H| = |G|

and |H| divides |G|. �.

The number of cosets is often called the index of G in H and denoted [G : H].
This means that Lagrange’s theorem can be restated as [G : H]|H| = |G|.

Theorem: (Cauchy). Let G be a finite group of order n. If p is a prime
which divides n, then there is a subgroup of order p in G.

We omit proof of Cauchy’s theorem as it is generalized by the following Sylow
theorem. However, there are different ways to show Cauchy’s theorem. If G
is abelian the map g 7→ gp is a homomorphism and the proof follows from
a counting argument on fixed points. This proof can be generalized to the
nonabelian case.

Theorem: (Sylow’s First Theorem). Let G be a group of order n. If pm | n,
then G has a subgroup of order pm.

Proof. The proof follows by a permuting the subsets of G of size pm.

Theorem: (Sylow’s Second Theorem). All Sylow p-subgroups are conjugate
to each other. More explicitly, if H,K are two Sylow p-subgroups (sub-
groups of order pm where pm | n and pm+1 - n), there is a g ∈ G such that
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gHg−1 = K.

Theorem: (Sylow’s Third Theorem). Let kp denote the number of Sylow
p-subgroups of G. Then kp | n

pm
, kp ≡ 1 (mod p), and kp = [G : N ] where N

is the largest group which a Sylow p-subgroup is normal in.
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10 Fields and Algebras Over a Field

We begin the study of field theory with the introduction of two new algebraic
objects, fields and algebras over them. These are algebraic objects in their
own right, much to the same extent that a group is an abstract, algebraic
object. We often use F,K when referring to fields and A,B when referring
to algebras.

Definition: A set F which is an abelian group under the binary operation
of addition, the nonzero elements of F form an abelian group under the bi-
nary operation of multiplication and multiplication distributes over addition
is called a field.

For a field F we have a ∗ 0 = a ∗ (1 + (−1)) = a ∗ 1 + a ∗ (−1) = a− a = 0
for every a ∈ F . Furthermore, if ab = 0 and a 6= 0 then there exists a−1 such
that a−1a = 1. Thus b = 1 ∗ b = a−1ab = a−10 = 0. So in a field if ab = 0 we
may conclude one or both of a, b is 0.

Definition: An algebra, A, over the field F is a vector space over F with
an associative bilinear product, 〈 , 〉 : A × A → A with an element 1A such
that 〈1A, a〉 = 〈a, 1A〉 for every a ∈ A.

Some authors will refer to our version of an algebra as an associative unital
algebra. We will often shorten the above by saying A is a F -algebra as-
suming everything is implicit. Most of the algebras we will consider will be
commutative algebras meaning 〈x, y〉 = 〈y, x〉 for all x, y ∈ A. Finally, we
remark the element 1A does not need to be the same element as the identity
of F − {0} under multiplication, often written as 1, but, by our definition
there is a “copy” of F contained in A when we consider it as the elements
a ∗ 1A with a ∈ F .

To explain the abstraction of the bilinear product we use the example of
multiplication. We would like multiplication to satisfy both the left and
right distributive properties while also being compatible with scalar multi-
plication. There are various identities we may work out involving the basic
axioms of an algebra and, we encourage the reader to work them out as they
are needed. If no confusion is to arise, there is no need to introduce it. Most
of the properties needed will be obvious after considering examples in the
following section.

Subfields and subalgebras are defined in an analogous way to groups. Alge-
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bras and fields come with the following morphisms:

Definition: A field homomophism from F to K is a map φ : F → K such
that, for every a, b ∈ F , φ(a + b) = φ(a) + φ(b), φ(ab) = φ(a)φ(b), and
φ(1) = 1.

This captures the idea that φ preserves the structure of both the additive
and multiplicative group. The requirement 1 maps to 1 will be explained in
the structural section.

Definition: A K-algebra homomorphism from the K-algebra A to the K-
algebra B is a map φ : A → B such that, for every x, y ∈ A and a ∈ K
we have φ(x + y) = φ(x) + φ(y), φ(xy) = φ(x)φ(y), φ(ax) = aφ(x) and
φ(1A) = 1B.

Using the above notation, and noting that K is a K-algebra we have, for
a ∈ K, φ(a ∗ 1) = aφ(1) = a ∗ 1. Since a was arbitrary, we can associate each
element a of K to an element a ∗ 1 of B. This gives a “copy” of K contained
in B.
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11 Familiar Examples of Fields and Algebras

Here we give too many examples of fields and algebras for our purposes of
field theory.

Example 1: Q is a field. R is a Q-algebra. Indeed, R forms a vectorspace
over Q of uncountable dimension and our multiplication here is the standard
multiplication of R.

Example 2: Suppose K is a field and denote by K[X] the set of all polynomi-
als in the indeterminant X with coefficients in K. Then K[X] is an infinite
dimensional vector space with basis {1, X,X2, X3, ...} and is equipped with
a bilinear product which is the usual polynomial multiplication.

Example 3: The set K(X) of all rational functions, functions of the form

f(X) = p(X)
q(X)

where p, q ∈ K[X], forms a field. Indeed, if p(X) is nonzero,

then 1
p(X)

is its inverse.

Example 4: The set Q(
√
d) = {a + b

√
d : a, b ∈ Q} for square-free integers

d (d 6= 0, d 6= 1) forms a field. The integer d is assumed neither positive
nor negative and, this is in fact an algebra over Q or Q(

√
d). For this

example we prove explicitly that Q(
√
d) is a field. That it is an abelian

group under + is clear, as it is a vector space over Q with basis {1,
√
d}.

Assume α = a+ b
√
d ∈ Q(

√
d) is nonzero. By direct computation

1

α
=

1

a+ b
√
d

=
a− b

√
d

a2 + b2d
=

a

a2 + b2d
− b

a2 + b2d

√
d ∈ Q(

√
d).

That this is an element of the original set follows after noting if a2 + b2d = 0,
then a2 = −b2d. If d > 0 then all is clear as α 6= 0. If d < 0 then we may
replace a, b by integers ā, b̄ after clearing a common denominator. By the
unique factorization of the integers, and as d 6= 0, 1 is square-free, we have
ā2 6= b̄2d. These are the quadratic fields of algebraic number theory.

Example 5: LetMn×n(F ) denote the set of all n×n matrices with coefficients
in a field F . This is an n2 dimensional vector space over F with basis the set
of matrices Aij = (akp) with indices akp = 1 when kp = ij and 0’s elsewhere.
The bilinear product in this case is matrix multiplication. This is not a
commutative algebra for n ≥ 2. Here we also have an explicit example of
considering the elements of F as a subset of Mn×n(F ) by identifying a ∈ F
with the diagonal matrix containing a in every index of the diagonal, and 0
elsewhere.
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12 Structure of Fields

Being a field or an algebra is a pretty strong constraint which is shown in
the following lemma.

Lemma: If φ : F → K is a field homomorphism, then either φ is an injection
or K = {0}.

Proof. Suppose φ(x) = 0 but x 6= 0. Then 1 = φ(1) = φ(x ∗ x−1) =
φ(x)φ(x−1) = 0 hence the result. �

Common fields are Q,R or C. However, not all fields are infinite. For exam-
ple, Z/pZ is a field for all primes p. This leads us to the

Definition: The characteristic of a field F is the least number n such that∑n
k=1 1 = 0. If no such n exists, we say F is of characteristic 0. We denote

the characteristic of F by char(F ).

Characteristic 0 can be thought of as either 0 ∗ 1 = 0 is the only possibility
simialar to that of positive characteristic, or by interpreting 0 to be the “in-
finite prime”.

Theorem: A field F is either of characteristic 0 or p for some prime p.

Proof. Suppose char(F ) > 0 and let n be the least number of 1’s we
need to add to yield 0. If n = mp is a factorization of n then we have
0 =

∑n
i=1 1 = (

∑m
j=1 1)(

∑p
k=1 1) = 0. Since F is a field we must have either∑m

j=1 1 = 0 or
∑p

k=1 1 = 0. Since n was minimal we have either n = m or
n = p showing that n is irreducible and therefore prime. �

This dichotomizes fields by their characteristic. If char(F ) > 0 then there is
field homomorphism φ : Z/pZ → F for some p. If char(F ) = 0 then there
is a field homomorphism φ : Q → F . The fields Z/pZ and Q are called the
prime field of F in each respective case.
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13 Field Extensions and Intermediate Fields

Definition: If K ⊂ F are fields, we call F a field extension of K or K a
subfield of F . IfK ⊂ L ⊂ F are all fields, then we call L an intermediate field,
L,F field extensions of K, F a field extension of L or any the corresponding
statements using the word subfield appropriately. In practice we will often
use the following diagrams to illustrate the above situations:

F

K

F

L

K
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14 Structure of Algebras
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